We report a method to determine the four Stokes parameters of each spectral component in a broadband terahertz (THz) pulse by using a continuously rotating analyzer and a standard THz time domain spectroscopy (THz-TDS) instrument. A complete characterization of the polarization state at each frequency is obtained through a single time-domain measurement. Our method requires no specialized THz emitters or detectors; it is, therefore, perfectly general and suitable for any existing THz-TDS apparatus. V C 2012 American Institute of Physics.
Terahertz (THz) spectroscopy has become a powerful tool for far-infrared studies since its emergence in the late 1980s and early 1990s.
1- 3 The study of metamaterials 4, 5 and their optical activity at THz frequencies is a rapidly expanding area. [6] [7] [8] [9] [10] [11] The optical activity of a sub-wavelength metal helix, 6 random collections of helices, 8 and chiral gammadion lithographic structures 9 has been measured with broadband, linearly polarized THz pulses. Kubarev et al. studied a 2D array of metal-semiconductor microhelices using a free electron laser and found a strong resonance at wavelengths of twice the helix length. 10 The linearly polarized light was rotated up to 16.5 at these resonant frequencies. Tzuang et al. examined a thin metal film perforated with an array of Archimedean spiral slots and determined the polarization of the resulting THz pulse at two resonances for both left and right-handed spirals that had an average ellipticity of 12.6 .
11
The optical activity of chiral molecules in the visible and UV regions of the spectrum has been characterized by circular dichroism (CD) and optical rotatory dispersion (ORD) since the early 1800s. 12 Vibrational circular dichroism (VCD) measurements have been carried out in the IR since 1975. 13 To date, no such studies have been performed over a broad spectral range in the THz spectral region due to the high sensitivity required since the optical activity of molecules scales quadratically with frequency.
14 However, using a free electron laser, Xu et al. 15 determined the CD of a lysozyme solution at 3 specific frequencies (1.53, 1.98, and 2.52 THz), finding positive CD values for the latter two frequencies and zero CD at 1.53 THz. Improvements of the techniques that will allow the optical activity of similar systems to be measured with tabletop THz spectrometers are naturally of significant interest.
We report here a rapid and highly efficient method for determining the frequency-dependent optical activity (comprising both circular dichroism and optical rotation) of a given sample. A single measurement allows us to determine all four Stokes parameters for each frequency component within the experimental bandwidth. This method does not require specialized THz emitters or detectors, which is an advantage over experiments that use multi-contact photoconductive antennas to simultaneously detect two orthogonal THz polarizations. [16] [17] [18] We also show that our method is superior to time-domain THz methods that rely on the measurement of the THz field at two 19, 20 or three 21 judiciously chosen analyzer angles, as well as frequency domain methods that make use of incoherent far-infrared light sources and intensity detectors, such as bolometers or Golay cells. 22, 23 In our experiment, the only required input is linearly polarized light. This obviates the need for dedicated sources of left-handed circularly polarized and right-handed circularly polarized light (LHCP and RHCP, respectively), which is a significant advantage over incoherent frequencydomain polarimetry. Preparation and analysis of such circularly polarized states in frequency-domain measurements require wave plates and compensators that can be difficult to fabricate and align. More importantly, experiments using these elements become impractical when covering a broad frequency range. Figure 1 is a schematic diagram of the experiment, which is based on the THz spectrometer described in Ref. 24 . A 50 fs mode-locked Ti:Sapphire laser (KM Labs Griffin) with a repetition rate of 80 MHz and center wavelength of 800 nm is used to excite a photoconductive array antenna grown on LT-GaAs (Batop Optoelectronics iPCA 21-05-1000-800-h). The emitter antenna is modulated with a 30 kHz square wave DC bias voltage (6 5 V) to allow detection using a lock-in amplifier (Stanford Research Systems SRS 830). A 50/50 beam splitter is used to direct half the optical power to the THz emitter, and the remaining power to detect the THz pulse on a second, identical LT-GaAs array antenna. The emitter and detector are both polarization sensitive and are oriented in such a fashion as to produce and detect vertically polarized THz radiation. A free-standing wire grid polarizer (13 lm wire diameter, 25 lm spacing) is used to "clean up" the polarization from the emitter. The THz beam path is purged with dry nitrogen to reduce absorption by atmospheric water vapor. Data are collected in the Polarimetric capabilities are added to the spectrometer through the use of two additional polarizers placed between the sample location and the detector. The polarizer nearest the detector (free-standing wire grid, 13 lm wire diameter, 25 lm spacing) is fixed at the orientation for optimal transmission of vertically polarized light. The other polarizer (1200 grooves/mm of aluminum on a HDPE substrate) is either rotated in discrete steps using a motorized rotation stage (accuracy of 60.1 ) or spun continuously (15 Hz) using a modified optical chopper wheel. In the continuously spinning configuration, the lock-in amplifier is referenced to the second harmonic of the frequency at which the polarizer is spun, and a DC bias is used for the THz emitter instead of the 30 kHz square wave. It is possible to substantially improve the signal to noise ratio (SNR) by using a double modulation scheme and two lock-in amplifiers. In this case, the THz emitter uses the original 30 kHz square wave bias, and the signal from the THz detector is sent to a lock-in amplifier using 30 kHz as a reference frequency. The output of the first lock-in is fed to another that uses a reference frequency of twice the polarizer rotation frequency. The SNR is improved by a factor of 5 using this approach (Figure 3) .
The samples consist of 250-nm thick aluminum Archimedean spirals on high resistivity silicon that have been fabricated using electron-beam lithography (Vistec EBPG5000plus). The line width is 1 lm, the distance between turns is 4 lm, and they are arranged in a 2D rhombohedral lattice with a period of 80 lm in a 5 Â 5 mm array, as seen Figure S1c . 25 Left-handed denotes a counterclockwise rotation when beginning at the center of the spiral and moving outward ( Figure S1a ), and right-handed corresponds to a clockwise rotation ( Figure S1b ). The samples are placed with the lithographic structures facing the incoming THz beam.
The goal of the current research is to improve the accuracy and speed of time-domain THz measurements of optical activity, ultimately extending the technique to molecular systems. In what follows, we explain a method that expands on current techniques of analyzing transmission amplitude data as a function of a few specific polarizer angles in the frequency domain. We then show that the same information may be obtained by applying this method directly to timedomain data. While these two topics are themselves of interest, they also provide the background for the final portion of this discussion: an experimental technique that dramatically improves the efficiency of these measurements.
In general, if a polarizer is placed in the beam path of vertically polarized light, the transmitted amplitude will be proportional to cos(h), where h is the angle of the polarizer with respect to the x-axis (we define x to be vertical, y to be horizontal, and z to be the direction of propagation). If a second fixed polarizer is added that passes vertically polarized light as shown in Figure 1 , then the signal will be proportional to cos 2 (h), where h is the angle of the analyzer with respect to the fixed polarizer. Finally, if a sample is present that rotates the polarization of the input pulse by an amount /, the signal amplitude is given by
where A 0 is the initial amplitude. Using the identity cosðh À /Þ ¼ cosðhÞcosð/Þ þ sinðhÞsinð/Þ, and letting
In addition, it is possible to use Euler's formula,
These equations are valid either for the electric field at one instant in time in the time domain or for a monochromatic wave in the frequency domain. In the subsequent discussion, we explicitly specify the frequency dependence of frequency-domain quantities, e.g., A x (x) and A y (x), to distinguish them from time-domain quantities A x and A y . In addition, note that while we use the symbol x to indicate frequency-dependence, we plot frequency domain spectra using linear (not angular) frequency as the abscissa. When specific frequencies are mentioned, they are also in linear terms.
If time-domain spectra are measured at a set of polarizer angles between 0 and 180 , A 0 (x) and /(x) can be extracted (after Fourier transforming each spectrum into the frequency domain) by using Eq. (1) as a fitting function for the data at each particular frequency value. If A x (x) and A y (x) are desired instead of A 0 (x) and /(x), then Eq. (2) may be used instead. Figure 2(a) is an example of using this approach to obtain /(x) at a frequency of 1.23 THz, where there is a strong resonant feature from the spirals. The figure compares a blank scan (no sample present), a bare Si wafer, a wafer with left-handed spirals, and one with right-handed spirals. For each of these materials, 46 scans at polarizer angles ranging from 0 to 180 in steps of 4 were carried out. It is FIG. 1. The experimental schematic for a general THz-TDS setup using the polarimetry method as described in the text. Four off-axis paraboloid mirrors guide and focus the THz pulse from the emitter, through the sample (gray), and then to the detector. Polarizer positions are indicated in red with an adjacent circle that illustrates their orientation if viewed along the beam path. The first fixed polarizer is used to clean up the vertically polarized THz pulse. The rotating polarizer and the second fixed polarizer are placed after the sample and are used to measure its optical activity. The THz setup is purged with N 2 , and additional details of the setup are described in the text. 2012) seen that /(x) has equal magnitude and opposite sign for the two handednesses within the statistical uncertainty indicated. The dashed lines in Figure 2 (b) correspond to the rotation angle as a function of frequency from 0.4 to 2.0 THz for leftand right-handed spirals. The rotation angle of the transmitted light has the opposite sign across the spectrum for spirals of opposite handedness. If the sample is reversed or "flipped over" such that the THz pulse traverses the silicon wafer prior to the encountering the spirals, the sign of the rotation angle is reversed as well. It is mathematically equivalent, though perhaps less physically intuitive, to apply the same fitting procedure directly to the time-domain measurements, first determining A x and A y (as functions of time) and then Fourier transforming each to obtain A x (x) and A y (x). Specifically, Eq. (2) is used to fit to the measured THz amplitude as a function of h at each time delay (instead of each frequency point) to determine A x and A y which are then Fourier transformed, and /(x) is obtained using Eq. (5) below. This is illustrated with the solid lines in Figure 2(b) , where it is seen that essentially identical results are obtained whether the fitting procedure is done in the time or frequency domain.
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The advantage of using this fitting procedure instead of relying on only 2 (or 3) polarizer angles as previous workers have done is that A 0 (x) and /(x) or, equivalently, A x (x) and A y (x), are determined as the values of two parameters that best fit the known dependence of transmitted amplitude on polarizer angle. This avoids the necessity of certain assumptions such as that two polarizer angles are exactly 90 (or 45 ) apart. Also, when using the fitting method, it is straightforward to improve the precision of a measurement by increasing the number of polarizer angles considered. The obvious disadvantage of this method is that many scans must be taken instead of two or three.
Whether the analysis is carried out in the time domain or the frequency domain, the fitting approach operates on data that consist of sets of amplitude values that vary with the polarizer angle h. Obtaining the optimal parameters (A x and A y ) for the function that describes this variation (Eq. (2)) requires least-squares fitting. However, by using a rapidly spinning polarizer, it becomes possible to measure A x and A y directly.
In this method, the rotating polarizer spins at frequency f, and 2f is used for the lock-in amplifier reference frequency. The angle of rotation of the polarizer, h, is equal to ft as time, t, elapses. Through analogy with Eq. (3), it can be shown that when a polarizer is continuously rotating at frequency f, the amplitude of the signal input to the lock-in amplifier at a particular point in the time-domain THz waveform is given by
where d 2f is the phase of this wave relative to the rotating polarizer. The rotation angle of the polarization / at a given time delay is equal to d 2f . If a dual-channel lock-in amplifier with a reference frequency of 2f is used, then A x and A y can be read directly from the instrument at each point in the time domain. Performing a Fourier transform on A x and A y yields the amplitude and phase in the frequency domain for both the x and y polarizations: A x (x), A y (x), d x (x), and d y (x). Figure 3 is a plot of the time-domain x and y amplitudes of light transmitted through an array of right-handed spirals. The frequency-domain x and y amplitude spectra are shown in the inset. An estimate of the smallest measureable change in polarization state can be obtained by considering the SNR at each particular frequency. A rotation can be measured if the signal that is shifted from A x into A y is larger in amplitude than the noise in A y . It is possible to obtain a SNR of $1000:1 at the peak THz bandwidth, which corresponds to the possibility of measuring a rotation angle of 0.1 . Increasing the rotation frequency of the polarizer should further improve the SNR.
The rotation angle in the frequency domain, /(x), can be obtained from these four quantities using . Since a and b must be positive numbers, (x) will always be positive. However, d(x) ranges from Àp to p and indicates the handedness at that frequency. It is right-handed if d(x) is positive and left-handed if negative. Right-handed corresponds to the electric field vector tracing out a clockwise rotation while looking toward the radiation source, and left-handed corresponds to counter-clockwise rotation. The handedness can be conveniently included to yield the signed ellipticity, 6 (x), by multiplying (x) by À1 if d(x) <0 and þ1 if d(x) > 0. Figure 4 plots the rotation angle and signed ellipticity for right-handed spirals. By comparing the spectrum of /(x) in Figure 4 (black trace) with the equivalent spectrum in Figure 2 (b) (red trace), it can be seen that the same information is obtained with both methods, despite the fact that only one time-domain measurement was required using the spinning polarizer method.
A description of the polarization state of different spectral components of the THz pulse is shown below the traces in Figure 4 (the results for left-handed spirals are shown in Figure S2a ). Blue ellipses are used for frequencies at which the ellipticity is left-handed, À (x), and red for right-handed, þ (x). Given the frequency-domain amplitude and phase, or also the polarization rotation and ellipticity, it is straightforward to compute the Stokes parameters for every spectral component in the THz bandwidth. 25 The polarization state of light at a particular frequency is sometimes represented as a point on the surface of a Poincaré sphere, but we feel that this is less intuitive than the illustration we have used here, especially for broadband measurements.
The spinning polarizer method yields the same results as traditional methods, but the data are collected much more efficiently and without requiring specialized THz emitters and detectors. This means that the technique is applicable to THz spectrometers that use electro-optic sampling rather than being limited to instruments based on photoconductive antennas. Our future work will use this method to characterize the THz optical activity of chiral molecular samples as well as a means to fully characterize the influence of spinpolarized electrons on THz emission from GaAs. 27 We acknowledge the National Science Foundation (Grant No. CHE-0911593) for partial support of this work. A vertically polarized THz pulse has both vertical (A x ) and horizontal (A y ) amplitude components after transmission through an array of righthanded spirals. The inset displays the relative amplitudes of these components in the frequency domain. These data were collected with the continuously spinning polarizer technique described in the text. At the midleft of the figure, the first 3 ps are shown at 20 times higher sensitivity to illustrate the improved signal to noise ratio obtained using a doublemodulation variation of the data acquisition. 
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